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Abstract
We calculate the HQET quark-gluon vertex at one loop, for arbitrary external
momenta, in an arbitrary covariant gauge and space-time dimension. Relevant
results and algorithms for the three-point HQET integrals are presented. We also
show how one can obtain the HQET limit directly from QCD results for the quark-
gluon vertex.




Heavy Quark Eective Theory (HQET) is an eective eld theory approximating QCD
for problems with a single heavy quark having mass m, when characteristic momenta of
light elds are much lower than m, and there exists a 4-velocity v such that characteristic
residual momenta k = p − mv of the heavy quark are also small. It has substantially
improved our understanding of heavy quark physics during the last decade [1,2]. Methods
of perturbative calculations in HQET are reviewed in [3].
In this paper, we calculate the quark-gluon vertex in the leading-order HQET (1=m0)
at one loop, for arbitrary external momenta, in an arbitrary covariant gauge, in space-
time dimension d = 4 − 2". This allows us to take all on-shell limits (introducing
additional 1=" divergences) directly. The general d-dimensional results can also be used
for expansion around a dimension other than 4; for example, 2-dimensional HQET was
considered in the literature in some detail.
A one-loop calculation of the QCD quark-gluon vertex with a nite quark mass m
has been recently completed [4] (where references to earlier partial results can be found).
We check how the HQET result can be obtained by taking the limit m !1 in the QCD
result.
Let the sum of bare one-particle-irreducible vertex diagrams in HQET (Fig. 1) be
ig0t
aΓ(k; q). The \full" momenta of the incoming quark and the outgoing one are
p = mv + k; p0 = mv + k0; (1)
where v is the heavy-quark 4-velocity (v2 = 1), and k, k0 are the residual momenta. The
momentum transfer is q = p0 − p = k0 − k. In the HQET limit, m ! 1, k  k0  q 





k  v + i0 ; (2)
and the elementary quark-gluon vertex is ig0t
av.
In the leading-order HQET, heavy-quark propagators and vertices do not depend on
the component of the heavy-quark momenta orthogonal to v. Therefore, Γ(k; q) does
not depend on k? = k − (k  v)v. The only vectors in the problem are v and q, and
(see [3])
Γ(k; q) = Γv(!; !
0; q2)v + Γq(!; !0; q2)q; (3)
k k0
q
Figure 1: HQET quark-gluon vertex
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Figure 2: One-loop vertex diagrams
where
!  k  v; !0  k0  v (4)
are the residual energies, and q v = !0−!. The functions Γv and Γq can be reconstructed
from the contractions
Γv =
(!0 − !)Γq − q2Γv
Q2
; Γq =




Q2  (!0 − !)2 − q2 (6)
is the 3-momentum transfer squared in the v rest frame.
At the tree level, Γ = v. One-loop corrections are shown in Fig. 2. The contribution
Γa of the diagram Fig. 2a is proportional to v
; that of Fig. 2b has both structures.
The contraction Γ(k; q)q can be simplied using the identities shown in Fig. 3. Here
a gluon line with a black triangle at the end denotes a \longitudinal gluon insertion";
when attached to a vertex, it means just the contraction with the incoming gluon mo-
mentum (note that it contains no gluon propagator!). A dot near a propagator means
that its momentum is shifted by q. The colour structures are singled out as prefactors
in front of the propagator dierences. The circular arrow in Fig. 3b shows the order of
indices in the colour structure of the three-gluon vertex ifabc. Two last terms in Fig. 3b
contain longitudinal gluon insertions again; for them, the identities of Fig. 3 can be
recursively used.
Application of these identities to the diagrams of Fig. 2 is shown in Fig. 4. Here the
non-standard vertices of Fig. 5 are ig0t
a and g20f
abctcv. This is, of course, just the one-


























+ + !0 − !
a
b
Figure 4: Ward{Slavnov{Taylor identities for the one-loop vertex
a a b
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Figure 5: Non-standard vertices
is discussed in [5, 4] in detail. The one-loop contributions to this identity are collected
in Eqs. (2.28) and (2.29) of [4]. They can be easily associated with the diagrams shown
in Fig. 4. The only term which requires some explanation is the diagram involving one-
loop ghost self-energy contribution (the rst diagram in the second line of Fig. 4b). Its
connection with the last contribution on the r.h.s. of Eq. (2.29) of [4] is shown in Fig. 6.
This relation can be easily veried by direct calculation. Using Fig. 6, we can avoid
introducing the non-standard vertex shown in Fig. 5b.
= (!0 − !)
Figure 6: Relation between ghost self-energy contributions
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Figure 7: Heavy-quark self energy







Γb (k; q)q =
CA
2CF
((!)− (!0)) + (ghost terms): (7)






(2 + (d− 3))I(!); (8)




(l  v + ! + i0)(l2 + i0)
= 2(−2!)d−3Γ(3− d)Γ(d=2− 1) (9)
(see [9]). In what follows, we shall not explicitly write +i0 in denominators. Here
 = 1− a0, a0 is the bare gauge-xing parameter. We can see that the Yennie gauge [6]
(see also in [7]) is of special interest, since (!) is nite at  = −2. Moreover, if the
generalization of Yennie gauge to an arbitrary dimension is chosen as  = −2=(d−3) [8],
then in the Abelian case (and, in particular, at one loop), the heavy-quark self energy
vanishes [9] (see [3] for a tutorial). The two-loop HQET self energy was obtained in [9];
the three-loop one can be calculated using the methods of [10]. These calculations are
based on integration by parts [11].
Using the identity (7), we can obtain the result for the diagram of Fig. 2a without
calculations:






!0 − ! v
: (10)
This result is also conrmed by direct calculation. Feynman integrals of the type of
Fig. 2a, ∫
ddl
(l  v + !)1(l  v + !0)2(l2)3 ; (11)
can always be calculated, for integer 1, 2, by applying
1





l  v + ! −
1
l  v + !0
]
required number of times. We note that in [12] integrals of the type (11) with dierent
velocities v have been examined.
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Figure 8: Feynman integral V
Calculation of Fig. 2b requires more complicated Feynman integrals. A method of
their calculation is presented in Sect. 2. Results for the HQET vertex, as well as various
limiting cases, are discussed in Sect. 3. Sect. 4 contains a brief summary of the results
obtained. In Appendix A, we present general results for the Feynman integrals of the
type of Fig. 2b, for arbitrary d and powers of the denominators. In Appendix B some
issues related to the m !1 limit of scalar integrals occurring in QCD are examined. In
Appendix C, we discuss the relation between the QCD vertex at k; q  m and the HQET
vertex. In Appendix D, we present the HQET vertex for the heavy-quark scattering in
an external gluon eld in the background-eld formalism.
2 Triangle integrals
2.1 Recurrence relations
We consider the class of Feynman integrals (Fig. 8)
V (0; 1; 2) = − i
d=2
∫ ddl
(l  v + !)0(l2)1((l − q)2)2 : (12)
The cases 0 = 0, 2 = 0, 1 = 0 are trivial, the results are proportional to
V (0; 1; 1) = G(q2) = (−q2)d=2−2 Γ(2− d=2)Γ
2(d=2− 1)
Γ(d− 2) ;
V (1; 1; 0) = I(!); V (1; 0; 1) = I(!0): (13)
When all the indices are non-zero, we use integration by parts [11], similarly to [13,9].
Applying the operators (@=@l)  v, (@=@l)  l, and (@=@l)  (l− q) to the integrand of (12),
we obtain the recurrence relations[
00
+ + 211
+(0− − !) + 222+(0− − !0)
]
V = 0; (14)
[
d− 0 − 2 − 21 + ! 00+ + 22+(q2 − 1−)
]
V = 0; (15)
[
d− 0 − 1 − 22 + !000+ + 11+(q2 − 2−)
]
V = 0; (16)
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where 0V (0; 1; 2) = V (0  1; 1; 2), etc. When constructing the recurrence proce-
dure we assume that all indices i are integer.
If 1 < 0 and 2 6= 1, we can raise 1 by (15); if 1 < 0 and 2 = 1, 0 6= 1, we can
raise 1 or 2 by (14); if 1 < 0 and 2 = 0 = 1, we can raise 1 or 0 by (16). The
case 2 < 0 is symmetric. If 1 > 1, we can lower it or 2 by (16); the case 2 > 1 is
symmetric. We are left with V (0; 1; 1).
Let us take q2=2 times (14), add ! times (16) and !0 times (15), and subtract the 0−






V (0; 1; 1)
=
[
1+2−(! − 0−) + 2+1−(!0 − 0−)
]
V (0; 1; 1); (17)
where
Ω  q2 + 4!!0 = (!0 + !)2 −Q2: (18)
The integrals on the right-hand side of (17) are trivial. This relation allows us to raise
or lower 0.
Therefore, all integrals (12) can be expressed, exactly at any d, as linear combina-
tions of three trivial integrals (13) and a non-trivial one, V (1; 1; 1)  V(!; !0; Q). An








(l  v + !)l2(l − q)2 (19)
is convergent at d = 4, except for the case q2 = 0 when it has a collinear divergence
(infrared if q = 0). We shall consider the region ! < 0, !0 < 0, q2 < 0, where no real
intermediate states exist.
















[−yl2 − y0(l − q)2 − 2l  v − 2!]3






(y + y0)1−2" [1− 2(!y + !0y0)− q2yy0]1+" ; (21)
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where y and y0 have the dimensionality of inverse energy.







(z + Q− ! + !0)(z −Q− ! + !0) ; (22)
where z has the dimensionality of energy. Separating the logarithm as
log
−q2 − 2!0z
z(z − 2!) = − log
z − 2!0
Q− ! − !0 + log
−q2 − 2!0z
z(Q− ! − !0)
and making the substitution z = (−q2)=z0 in the second integral, we obtain the repre-
sentation












(z + Q + ! − !0)(z −Q + ! − !0) ; (23)
which is explicitly symmetric under ! $ !0. The poles of the denominators at z =
Q (! − !0) are compensated by the corresponding zeros of the numerators.
Finally, we obtain
QV(!; !0; Q) = Li2
(



















Q− ! − !0
−2! log
Q− ! + !0
−2!
+ log
Q− ! − !0
−2!0 log





This expression has cuts at ! > 0, !0 > 0, and Q < j!0 − !j, where real intermediate
states exist.
3 HQET quark-gluon vertex
3.1 General results
Here we present the one-loop HQET vertex, for arbitrary d and . The contribution of




















q2(4− ) + 4!!0(4 + (d− 4))
]
G(q2)
+ (d− 3) (!0I(!) + !I(!0))
}
; (25)






−2(d− 4)(!0 + !)

[
(d− 6)Q2q2!!0 + ΩQ2(2q2 + (4 + (d− 4))!!0)





4(d− 3)(d− 6)q2!!0(!0 + !)2
− 2Ωq2(q2 − 4!!0(d− 4 + (d− 3)))
+ ΩQ2((d− 4)(4 + (d− 4))Ω
+ (d− 3)(4− (d− 4))q2)
]
G(q2)
− (d− 3)(d− 6)q2(!0 + !)2(!I(!0) + !0I(!))
− (d− 3)Ω
[
2q2(!0 − !)(I(!0)− I(!))
+ (4 + (d− 4))(!02 − !2)(!I(!0)− !0I(!))
+ 2(3 + )q2(!I(!0) + !0I(!))
]}
; (26)
where Ω is dened in (18). We have also derived the rst contraction using (7) (Fig. 4).
The second contraction vanishes in the Feynman gauge, because the three-gluon vertex
yields 0 when contracted with v in all 3 indices. We also note that there are some
cancellations in the generalized Yennie gauge,  = −2=(d−3), as well as in the \singular"
gauge  = −4=(d − 4) (which was discussed in [14] in connection with the three-gluon
vertex).






2"eγ" [1 +O(s)] ; a0 = a [1 +O(s)] ;
it should become ZΓΓ

r , where ZΓ = 1 + Z1s=(4") +    is a minimal renormalization
constant, and the renormalized vertex Γr is nite in the limit " ! 0. Retaining only the
pole parts I(!) ! 2!=", G(q2) ! 1=", V(!; !0; Q) ! 0, we obtain, either from (25) or
from (26),
ZΓ = 1 +
[









 = gΓr Z
1=2
 ZΓ is multiplied by the external leg renormalization factors ZQZ
1=2
A ,

















ZQ = 1− (a− 3)CF s
4"
















This means that the heavy-quark coupling with the gluon eld in HQET is renormalized
in the same way as the other QCD couplings. Of course, this must be the case, because
otherwise renormalization would destroy gauge invariance of HQET.
3.2 q parallel or orthogonal to v
In the parallel case q = (!0 − !)v, Q = 0. The denominators of (19) are linearly
dependent. Inserting
1 =
(l − q)2 − l2 + 2(!0 − !)(l  v + !)
!02 − !2
into the integrand, we obtain












exactly at any d.



























It has an imaginary part, which is contained in G((!0 − !)2).
The case when q is orthogonal to v (!0 = !, q2 = −Q2) does not lead to great sim-
plications. The contribution (10) of Fig. 2a now contains d(!)=d! = (d− 3)(!)=!.
The contraction (25) is zero, and hence Γb is parallel to v
, too. The contribution of
Fig. 2b to Γv is obtained from (26) by putting !
0 = !.
10
3.3 q on the light cone
When q2 = 0, the reduction algorithm of Sect. 2.1 breaks down. All V (0; 1; 2) with
0  0 vanish. We can use (14) to lower 0 down to 1. Let us suppose that 2 > 0;
otherwise, we can interchange 1 $ 2, ! $ !0. The relation
[(d− 0 − 1 − 2)(!0 − !)− 1!0 + 2! + !11+2− − !022+1−]V = 0; (31)
which is !0 times (15) minus ! times (16), allows us to lower 2 down to 1. We are
left with V (1; 1; 1). Taking (16), subtracting !
0 times (14) and adding 2!0 times 1+
shifted (31), we obtain at 0 = 2 = 1[
d− 1 − 3 + 2!0(!0 − !)(d− 21 − 4)1+
]
V (1; 1; 1)
=
[
1 − 2!!0(1 + 1)1+
]
1+2−V (1; 1; 1); (32)
where the integrals on the right-hand side are trivial. Using this relation, we can lower
or raise 1 to 0. Therefore, all the integrals V (0; 1; 2) at q
2 = 0 can be reduced to
I(!) and I(!0). For example, for V (1; 1; 1) we have
V(!; !0; j!0 − !j) = (d− 3)(!
0I(!)− !I(!0))
2(d− 4)!!0(!0 − !) ; (33)
at arbitrary d.
Repeating, with the new algorithm, the calculation of the diagram in Fig. 2b at
q2 = 0, we obtain







2(d− 5 + (d− 3)(d− 4))!!0(I(!)− I(!0))
− (d− 3)(2 + (d− 4))(!02I(!)− !2I(!0))
]
; (34)








+ (2− (d− 7))!!0(!02I(!)− !2I(!0))
+ (2 + (d− 5))(!04I(!)− !4I(!0))
]
: (35)
These results can be also obtained from (25), (26), if we expand the numerator of (26)
up to the q2 term.
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The case q = 0 belongs to all the categories considered above. We obtain, from each
of the above results, Γq = 0,






[4 (2 + (d− 3))CF − (4 + (d− 5))CA] ; (36)
V(!; !; 0) = −(d− 3)I(!)
2!2
;
exactly at any d.
3.4 Ω = 0
Another interesting case is Ω = 0 (q2 = −4!!0). After reducing V (0; 1; 2) to V (0; 1; 1)
and trivial integrals (Sect. 2.1), we can use (17) to reduce 0 to 0. In particular,
V(!; !0; !0 + !) = d− 3









for any d. Repeating the calculation of the vertex, we obtain









−(d − 6)(4 + (d− 4))(!0 + !)2





(4(d− 6) + (d− 3)(3d− 16))(!0 + !)2
− 4(d− 3)(d− 4)!!0
]
 (d− 4)(!0 + !)(!0I(!)− !I(!0))
+
[
(4(d− 6)− (d− 3)(d− 4)(d− 8))(!0 + !)2
− 4(d− 3)(d− 4)!!0
]
 (!0 − !)(!0I(!) + !I(!0))
}
; (38)




32(d− 6)(d− 8)!2!02(!0 + !)2

{[
(d− 6)(d− 8)(4 + (d− 4))(!0 + !)4
+ 4(d− 8)(2d− (d− 3)(d− 4))!!0(!0 + !)2
12





(2(d− 7)(d− 8)− (d− 4)(d− 5))(!0 + !)2
− 4(d− 5)(d− 8− 3)!!0
]
 (d− 3)(!0 + !)(!02I(!) + !2I(!0))
+
[
(d− 5)(2(d− 8) + (d− 4))(!0 + !)2
+ 4(d− 8− 3)!!0
]
 (d− 3)(!0 − !)(!02I(!)− !2I(!0))
}
: (39)
3.5 Quark(s) on the mass shell
If one of the quarks is on its mass shell, say !0 = 0, then

















at d = 4. The contractions of the vertex are obtained from (25), (26) by setting I(!0) = 0
and then !0 = 0.
When both quarks are on shell (! = !0 = 0),
Γb q = 0;





[−2(4d− 13) + (d− 4)]G(q2): (41)
In this case, V(0; 0; Q) does not appear.
It is easy to consider the cases when q is parallel to v and !0 = 0, and when q2 = 0,
!0 = 0.
4 Conclusion
We have obtained general expressions (10), (25) and (26) for the one-loop HQET quark-
gluon vertex. Using recurrence relations (14){(17), we expressed the results in terms
of one non-trivial integral V(!; !0; Q) (19) and some trivial integrals (13). For the in-
tegral (19) in four dimensions, we have obtained an analytic result (24) in terms of
dilogarithms. In Sections 3.2{3.4 we have also studied some special limits of interest.
In Appendix A we have provided some results for the integrals (12) with arbitrary
indices and in arbitrary dimension. We have also discussed, in Appendix B, how the
HQET limit can be obtained directly from the standard integrals occurring in the QCD
calculation. Using this prescription, in Appendix C we have examined the m !1 limit
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of the general QCD result [4] for the one-loop quark-gluon function, and we have found
that it is in agreement with our calculation. We have also presented the result for the
background eld vertex (Appendix D).
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A One-loop HQET integrals
Result for the two-point HQET integral is well known [9],








For the triangle integral (12), using Feynman parameters, we arrive at the following
double integral representation:
V (0; 1; 2) =







dy dy0 y1−1 y02−1 (y + y0)0+1+2−d
[1− 2!y − 2!0y0 − q2yy0]0+1+2−d=2 : (43)
The symmetry (!; 1) $ (!0; 2) is explicit.
In the special case ! = !0 = 0, the integral (43) can be evaluated in terms of Γ
functions,
V (0; 1; 2)j!=!′=0 = (−1)0+1+220−1(−q2)d=2−0=2−1−2 Γ(1 + 2 + 0=2− d=2)
Γ(0=2)Γ(d=2− 0=2− 1)Γ(d=2− 0=2− 2)
Γ(0)Γ(1)Γ(2)Γ(d− 0 − 1 − 2) : (44)
In particular, for i = 1 we get
V(0; 0; Q) = −Γ(1=2)Γ((5− d)=2)Γ
2((d− 3)=2)




In another special case, q2 = 0, we get a hypergeometric function,
V (0; 1; 2)jq2=0 = (−1)0+1+220(−2!)d−0−21−22
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Γ(0 + 21 + 22 − d) Γ(n=2− 1 − 2)
Γ(0) Γ(1 + 2)
 2F1
(







Using simple transformations of 2F1 function, it is easy to see that the result obeys the
symmetry (!; 1) $ (!0; 2), as it should. Note that the structure of the result (46) is
quite similar to that of the two-point integral with dierent masses and zero external
momentum, see eq. (2.9) of [15]. When 1 = 2 = 1, the result (46) reduces to
V (0; 1; 1)jq2=0 = (−1)02d−4Γ(0 − d + 3) Γ(d=2− 2)
(−!
0)d−0−3 − (−!)d−0−3
!0 − ! : (47)
Let us represent the denominator of (43) in terms of double Mellin{Barnes integral,
expanding with respect to ! and !0 (see, e.g., Eq. (3.4) of [15]). Then, the resulting
momentum integral can be recognized as
V (0 + t1 + t2; 1 + t1; 2 + t2)j!=!′=0; d!d+2t1+2t2 ; (48)
where t1 and t2 are the contour integration variables. Using (44) we can evaluate the
integral (48) in terms of Γ functions. Making a linear substitution for the contour
integration variables (t1 = s + t, t2 = s − t), we arrive at the following double Mellin{
Barnes representation for the integral (12):
V (0; 1; 2) =
(−1)0+1+220−1(−q2)d=2−0=2−1−2
















Γ(−s− t) Γ(t− s)
Γ(d=2− 0=2− 1 − t) Γ(d=2− 0=2− 2 + t)
Γ(0=2 + 1 + 2 − d=2 + s) Γ(0=2 + s) : (49)
B QCD integrals in the HQET limit
Here we discuss the relation of massive integrals occurring in standard QCD calculations
and HQET integrals. First, let us consider the two-point integral with one massive line
and one massless line,
J(0; ; m; 0) =
∫
ddl
[(p + l)2 −m2]0 (l2) : (50)
For general values of 0,  and d, such integrals have been examined in [16, 17].
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When we substitute p = mv + k, the massive denominator in (50) becomes
[
2m(l + k)  v + (l + k)2
]−0
: (51)
For k  m, several regions of integration in l are essential. When l  k, we can expand
the heavy propagator (51) in both k=m and l=m, and it becomes the HQET propagator.
The leading term of this HQET contribution (called \ultrasoft" in [18,19]) yields 1=m0
times an HQET integral (42), which is proportional to (−2!)d−0−2 , by dimensionality.
Higher terms form an expansion in k=m.
Let us subtract and add this expansion of the heavy propagator to the exact one. In
the dierence, the contribution of small l  k is suppressed; typically, l  m. Therefore,
we can expand this integrand dierence in regular series in k=m, and integrate term by
term. Integrals of all terms of the HQET integrand expansion in k=m vanish in dimen-
sional regularization, because they contain no scale. Therefore, this \hard" contribution
can be obtained by expanding the exact QCD integrand (51) in k=m, and integrating
term by term. It is analytical at k = 0, by construction. The leading term is proportional
to md−20−2 , by dimensionality, whereas the higher terms form an expansion in k=m.
This separation of J(0; ; m; 0) at k  m into two contributions [17] is a particular case
of a more general threshold expansion [18]. Note that k plays a role of the threshold
parameter, since p2 −m2  mk.
We can check these qualitative considerations, using an explicit expression for J(0; ; m; 0).
It can be presented in terms of 2F1 function of z = p
2=m2 (see Eq. (10) of [16]). Note










i.e., it is at the border of convergence of the 2F1 function. Transforming from the variable
z to 1− z, we obtain (see also Eqs. (1.12){(1.15) of [17])




Γ(0 +  − d=2)Γ(d− 0 − 2)
Γ(0)Γ(d− 0 − ) 2F1
(
; 0 +  − d=2









d=2− ; d− 0 − 




We see that the rst term here is nothing but the \hard" contribution. It has a
prefactor md−20−2 . The prefactor of the second 2F1 function is
md−20−2(1− z)d−0−2 ) m−0(−2!)d−0−2 ;
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up to higher powers of 1=m. This is the HQET (\ultrasoft") contribution; in the leading
order, it yields
J(0; ; m; 0) ) id=2(2m)−0I(0; );
where I(0; ) is dened in (42).
The value of (2m)0J(0; ; m; 0) at the singular point 1=m = 0 is (up to a factor
id=2) the HQET integral (42). When setting 1=m = 0, we discard the \hard" contribu-
tion, which is proportional to md−0−2 , because we can always choose d small enough for
this contribution to vanish. The naive Taylor expansion in 1=m is given by the HQET
contribution. Similarly, the value of J(0; ; m; 0) at the singular point k = 0 is the
QCD on-shell integral. When setting k = 0, we discard the HQET contribution, which
is proportional to (−2!)d−0−2 , because we can always choose d large enough for this
contribution to vanish. The naive Taylor expansion in k is given by the \hard" contri-
bution. Neither of these naive expansions, taken separately, describes J(0; ; m; 0) at
k  l. It is given by the sum of both contributions, \hard" and HQET (\ultrasoft")
ones (see in [18]).
Now, let us consider o-shell three-point integrals with one massive and two massless
internal lines. For arbitrary powers of propagators, such vertex integrals has been con-
sidered in [16] (see Eqs. (25){(29)) and [20] (Eqs. (4.1){(4.5)). Using the Mellin{Barnes
representation, Eq. (4.2) of [20] (see also Eq. (26) of [16]), we see that two (of three)
arguments, p21=m
2 and p22=m











1 in our limit, which is at the border of convergence of the corresponding function.
Again, as in the two-point case, we need to construct analytic continuation of this
representation, in terms of the variables containing (m2 − p21) and (m2 − p22). To do
this inside the Mellin{Barnes representation, we use the contour-integral version of the
corresponding formula for 2F1, namely, Eq. (A7) of [20] (where we put 3 = 0). In this
way, we arrive at





















Γ(0 + 1 + 2 − d=2 + s + t + u)
Γ(1 + t + u) Γ(2 + s + u) : (53)
Now, we need to analyse the contributions of the poles in the right half-plane of the
contour variable u, since they correspond to increasing powers of p23=m
2. There are only
two series of poles (with j = 0; 1; 2; : : :),
(i) u = j (due to Γ(−u)) and
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(ii) u = d=2− 0=2− 1 − 2 − s=2− t=2 + j=2
(due to Γ(d− 0 − 21 − 22 − s− t− 2u)):
The prefactors contain md−20−21−22 (case (i)) and m−0 (case (ii)). The series (i) yields
the \hard" contribution. The HQET (\ultrasoft") contribution is given by the series (ii),
whose leading term is j = 0. These two contributions are related to the singular limits
1=m = 0 and k = q = 0 in a way similar to the two-point case.
Picking up this leading HQET contribution, we arrive at a double Mellin{Barnes
representation (in terms of the remaining contour integrals over s and t), where the













After introducing the new contour variables (s + t)=2 and (s − t)=2 we see that the
resulting Mellin{Barnes representation is equivalent to (49), so that
J1(1; 2; 0; m) ) id=2(2m)−0V (0; 1; 2) :
Therefore, the HQET integrals can be formally obtained directly from the standard
loop integrals, by picking up the formal Taylor series in 1=m which has no prefactors
containing m to the power depending on d. Such prescription is similar to some other
prescriptions in dimensional regularization. For instance, considering the massless limit
of the integral (50) we need to represent the result in terms of the functions of the variable
m2=p2, and then discard the contribution containing m−2" (see Eq. (11) of [16]). We have
also demonstrated that the HQET contributions are equivalent to the \ultrasoft" ones, in
the language of the threshold expansion [18]. In other words, in the cases considered the
exact result is given by the sum of two contributions. The rst one is given by a formal
Taylor expansion of the integrand in the small parameter of the threshold expansion (the
\hard" contribution). The second one is nothing but the HQET series in 1=m.
C QCD vertex at m !1
If we substitute the \hard" parts of all scalar integrals into the QCD vertex, then, in the
limit k ! 0, q ! 0, we just get the on-shell vertex at q = 0. Corrections to this limit are
regular expansion terms in k=m, q=m. Since we do not consider 1=m suppressed terms
here, these corrections can be omitted.
If we substitute the HQET parts of all scalar integrals (see Appendix B), we should
obtain the HQET vertex, which was calculated in Sect. 3. In order to make a strong
check of both the results of [4] (where the one-loop quark-gluon vertex was calculated
in arbitrary gauge and dimension) and of the present ones, we consider here the HQET
limit of the QCD vertex [4].
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Using the standard decomposition of the quark-gluon vertex [21] (see also in [22,4]),












where i and i are scalar functions depending on kinematical variables, whereas L

i and
T i are vectors which also involve Dirac matrices (see Sect. IID of [4] for further details).
We substitute
p1 = −mv − k − q; p2 = mv + k; p3 = q:
At the leading order in 1=m, the initial and nal quark spinors obey /vu = u. Therefore,













With the required accuracy, there are three independent structures:
L1 ) v +O(1=m);





L2 ) 4m2L1 +O(m); L3 ) −2mL1 +O(1); L4 ) O(1);
T 1 ) mT 3 +O(1); T 2 ) 2m2T 3 +O(m);
T 4 ) O(m); T 6 ) O(1); T 7 ) O(m); T 8 ) mT 5 +O(1):
According to Appendix B, the HQET-relevant \ultrasoft" parts of the scalar integrals
are
~ ) 0; 2;3 ) 0; 0;3 ) G(q2);
1;2 ) I(!)
2m




’1 ) V(!; !
0; Q)
2m
; ’2 ) 1
(2m)2
I(!0)− I(!)
!0 − ! ;
where the notations ’i, i;l and  are dened in Sect. IIA of [4].
Therefore, at the leading order (1=m0) the HQET limit of the QCD vertex (54) yields
(1 + 4m
22 − 2m3)L1 + (m1 + 2m22 + 3)T 3 + (5 + m8)T 5 :
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Using the results for i and i listed in [4], we have obtained that at the order 1=m
0 the





reproduce the results (10), (25) and (26), for arbitrary d and .
Thus the QCD vertex at small k, q is equal to its on-shell value at k = q = 0 plus
the HQET vertex, up to 1=m corrections. We can reformulate this statement: the QCD
vertex in the on-shell renormalization scheme is equal to the HQET vertex in the on-shell
renormalization scheme, up to 1=m corrections. In QCD, the on-shell renormalization
subtracts from the one-loop correction its value at k = q = 0. In HQET, the on-shell
renormalized vertex equals the bare one, because its value at k = q = 0 vanishes.
D Background-field vertex
The background eld formalism [23] is convenient for considering heavy quark scattering
in an external gluon eld. In this method, the vertex (Fig. 1) with the background gluon
diers from the ordinary one. The diagram of Fig. 2a still gives (10), because the quark-
gluon elementary vertex does not change. The contraction of the three-gluon vertex






This is also conrmed by a direct calculation. For the other contraction, we obtain









2Ω2q2 − (d− 8)Ω2Q2 − dΩQ2q2
− (16 + (d2 − 18d + 40))ΩQ2!!0






−8Ω2q2 + (4(2d− 7)− (d− 4))Ω2Q2
− 8(d− 3)(2− (d− 5))ΩQ2!!0
+ 4(d− 3)(d− 4)2Ωq2!!0





(2 + )q2(!03I(!) + !3I(!0))
+ 2(4 + (d− 4))!!0(!02 − !2)(!0I(!)− !I(!0))
− ((1 + )Ω + (d− 6)!!0)q2(!0I(!) + !I(!0))
20




[1] M. Neubert, Phys. Rep. 245 (1994) 259
[2] A. V. Manohar and M. B. Wise, Heavy quark physics (Cambridge University Press,
Cambridge 2000)
[3] A. G. Grozin, Lectures on perturbative HQET 1, hep-ph/0008300
[4] A. I. Davydychev, P. Osland and L. Saks, Phys. Rev. D63 (2001) 014022
[5] P. Pascual and R. Tarrach, QCD: Renormalization for the Practitioner, Lecture
Notes in Physics, Vol. 194 (Springer, Berlin 1984)
[6] H. M. Fried and D. R. Yennie, Phys. Rev. (Ser. 2) 112 (1958) 1391
[7] A. A. Abrikosov, Zh. Eksp. Teor. Fiz. 30 (1956) 96;
L. D. Soloviev, Dokl. Akad. Nauk SSSR 110 (1956) 203
[8] A. I. Davydychev, Diploma Thesis, MSU, Moscow, 1984;
E. E. Boos and A. I. Davydychev, Preprint INP MSU 88-21/42, Moscow, 1988;
G. S. Adkins, Phys. Rev. D39 (1989) 3798; D47 (1993) 3647
[9] D. J. Broadhurst and A. G. Grozin, Phys. Lett. B267 (1991) 105
[10] A. G. Grozin, J. High Energy Phys. 03 (2000) 013
[11] F. V. Tkachov, Phys. Lett. 100B (1981) 65;
K. G. Chetyrkin and F. V. Tkachov, Nucl. Phys. B192 (1981) 159
[12] A. O. Bouzas, Eur. Phys. J. C12 (2000) 643
[13] A. I. Davydychev, J. Phys. A25 (1992) 5587
[14] A. I. Davydychev, P. Osland and O. V. Tarasov, Phys. Rev. D54 (1996) 4087; D59
(1999) 109901(E).
[15] A. I. Davydychev, J. Math. Phys. 32 (1991) 1052
[16] E. E. Boos and A. I. Davydychev, Theor. Math. Phys. 89 (1991) 1052
[17] J. Gegelia, G. Sh. Japaridze and K. Sh. Turashvili, Theor. Math. Phys. 101 (1994)
1313
[18] M. Beneke and V. A. Smirnov, Nucl. Phys. B552 (1998) 321;
V. A. Smirnov, hep-ph/0101152
21
[19] V. A. Smirnov, Phys. Lett. B465 (1999) 226
[20] A. I. Davydychev, J. Math. Phys. 33 (1992) 358
[21] J. S. Ball and T.-W. Chiu, Phys. Rev. D22 (1980) 2542
[22] A. Kzlersu¨, M. Reenders and M. R. Pennington, Phys. Rev. D52 (1995) 1242
[23] L. F. Abbott, Nucl. Phys. B185 (1981) 189; Acta Phys. Pol. B13 (1982) 33
22
